Experiments show that cellular uptake of nanoparticles, via receptor-mediated endocytosis, strongly depends on nanoparticle size. There is an optimal size, approximately 50 nm in diameter, at which cellular uptake is the highest. In addition, there is a maximum size, approximately 200 nm, beyond which uptake via receptor-mediated endocytosis does not occur. By comparing results from different experiments, we found that these sizes weakly depend on the type of cells, nanoparticles, and ligands used in the experiments. Here, we argue that these observations are consequences of the energetics and assembly dynamics of the protein coat that forms on the cytoplasmic side of the outer cell membrane during receptor-mediated endocytosis. Specifically, we show that the energetics of coat formation imposes an upper bound on the size of the nanoparticles that can be internalized, whereas the nanoparticle-size-dependent dynamics of coat assembly results in the optimal nanoparticle size. The weak dependence of the optimal and maximum sizes on cell-nanoparticle-ligand type also follows naturally from our analysis. email -banerjeea3@mail.nih.gov
INTRODUCTION
In recent years there has been great interest in using nanoparticles (NPs) for various biomedical applications including imaging, biosensing, and targeted gene/drug delivery (see review articles [1] [2] [3] and references therein). Successful realization of these applications requires efficient cellular uptake of the NPs. To this end, the NPs are coated with ligands that allow them to bind to specific cell surface receptors and be internalized via receptormediated endocytosis. An understanding of how the physical properties of NPs, like their size, shape, charge, etc., affect the internalization process is crucial for designing NPs for biomedical purposes.
Experiments show that the NP size is an important parameter that determines the mechanism of their cellular uptake. In particular, NPs smaller than approximately 200 nm are internalized typically via receptor-mediated endocytosis whereas, for larger NPs other mechanisms are involved [4, 5] . Furthermore, the uptake rate of the NPs, that are internalized via receptor-mediated endocytosis, is strongly size dependent. There is an optimal NP size, approximately 50 nm in diameter, at which the uptake rate is highest [4] [5] [6] [7] [8] [9] [10] [11] . In Table I we collected data from various experiments designed to study size dependence of NP uptake.
The experiments were performed using different kinds of cell lines, NPs, and ligands; yet the optimal size was found to be approximately the same. This surprising observation suggests that the optimal size weakly depends on the above mentioned factors.
Several theoretical models of receptor-mediated endocytosis of NPs have been proposed in the literature [12] [13] [14] [15] [16] . A common feature of these models is that they assume the uptake is controlled by the formation of chemical bonds between receptors on the cell surface and ligands attached to the NP. Using such an approach these studies conclude that the optimal NP size is a function of the receptor density on the cell membrane, ligand density on the NP, and the receptor-ligand binding energy. These parameters however can change significantly depending on the cell line and ligands used in the experiment. Therefore, in the framework of these models, it is difficult to explain the same optimal size observed in different experiments.
Furthermore, such an approach leads to the prediction that even micron sized NPs can be internalized via receptor-mediated endocytosis [12, 13] which has never been observed experimentally.
Along with the formation of chemical bonds between the NP ligands and cell surface receptors, receptor-mediated endocytosis involves the assembly of a protein coat on the cytoplasmic side of the outer cell membrane. In the case of clathrin-mediated endocytosis -which is a form of receptor-mediated endocytosis -the coat contains several proteins including clathrin, adaptor proteins, membrane bending proteins like epsin, amphiphysin, etc. [17, 18] . The coat assembly plays a vital role in internalization of cargo, and any interference with this process drastically reduces the endocytic capacity of a cell. For example, cellular uptake of NPs is significantly reduced when the cells are pretreated with sucrose or potassium-depleted medium [4, 19] , which are known to disrupt coat formation. The above mentioned models do not take the coat assembly into explicit consideration. Therefore, how this key aspect of the cellular endocytic machinery affects the uptake of NPs remains to be elucidated.
In this paper we make a step in this direction. Our main purpose is to demonstrate that, contrary to the current understanding, the size-dependence of cellular uptake of NPs is determined by the coat assembly. To do so, we use a previously developed coarse-grained model of the coat assembly that focuses on vesicle formation during clathrin-mediated endocytosis [20] . The model was developed to explain the fates and lifetimes of clathrin coated pits (CCPs); here we use it to study the size dependence of NP uptake. In particular, we calculate the dependence of the NP internalization probability and the internalization time on the NP size. Our results show that the above-mentioned experimental observations, namely,
(1) the optimal NP size, (2) an upper bound on the size of NPs that can be internalized, and (3) the weak dependence of these sizes on type of cells, NPs, and ligands used in different experiments, can be understood to be the consequence of the dynamics of coat assembly.
This is the main result of our work.
MODEL
We start by describing the main steps involved in NP internalization via clathrin-mediated endocytosis. During clathrin-mediated endocytosis a ligand-coated NP first binds to a specific receptor on the surface of the cell membrane (see Fig. 1 ). After binding, the NP-receptor complex binds adaptor proteins (typically AP-2), which recruit other endocytic proteins, and clathrin-coated pit (CCP) assembly begins. CCP assembly is a stochastic process which has two possible final outcomes [21, 22] . One is that the CCP grows in size and forms a vesicle, in which case the NP is completely wrapped and internalized. The other possibility is that the CCP grows only up to a certain size and then disassembles. In this case the NP-receptor complex becomes free of coat proteins, and the assembly process starts once again. We assume that the binding of a NP to the cell membrane is irreversible, and that the dissociation of the NP-receptor complex may be neglected. We discuss the restrictions of this assumption below.
Quantifying internalization efficiency
Similar to other approaches [12, 15] , we characterize the NP internalization efficiency by the mean internalization time, τ , defined as the mean time between the binding of a NP to the membrane and its internalization. As shown in Appendix A,
where τ 0 is the mean time required for the initiation of CCP assembly around a free NPreceptor complex, P w and P f = 1−P w denote the probabilities of successful and unsuccessful wrapping of a NP, and τ w and τ f denote the mean durations of these processes. Here w and f indicate successful and failed wrapping of the NP, respectively. Our assumption that the NP-receptor dissociation may be neglected is valid if P w is not too small. Otherwise, τ becomes very large, and the dissociation of the complex should be taken into consideration.
In order to calculate the quantities appearing in Eq. 1 we use the model of CCP assembly developed in Ref. 20 . Here we briefly describe the model and list the underlying assumptions.
As mentioned earlier the coat that forms during CCP assembly contains several proteins and has a complex structure. Proteins like epsin and amphyphysin bind directly to the cell membrane and impart a local curvature; whereas clathrin triskelions (three-legged, pinwheelwheel shaped complexes) bind with other clathrin triskelions to form a three-dimensional scaffold which is linked to the membrane through the adaptor proteins (typically AP-2).
The clathrin scaffold imparts global curvature to the cell membrane. Incorporating this complex structure of the coat into a model is an extremely complicated task. To overcome this difficulty, in Ref. 20 we proposed a coarse-grained description of CCP assembly. The main idea was to replace the real protein coat by a coat made up of identical units referred to as monomers (Fig. 2) . We assumed that (1) the coat made up of monomers has its own bending rigidity and a spontaneous curvature, (2) the shape of the model CCP (pit) is a spherical cap, (3) the monomers are structureless, which means that at the time of binding the orientation of a monomer is not important. Due to these assumptions certain details of CCP assembly were lost, but this is the price we had to pay for a tractable model which still contained the essential features of the assembly process. We validated this model by
showing that it was capable of explaining the experimentally measured lifetime distribution of CCPs [20] . The shape of the model CCP is assumed to be a spherical cap, and the average area of a monomer is chosen to be the same as that occupied by a clathrin triskelion in a real CCP.
Using the coarse-grained model of CCP discussed above, the dynamics of CCP assembly around a NP-receptor complex can be described by the kinetic scheme shown in Fig. 3 . In this kinetic scheme the symbol n is the number of monomers in a pit that forms around the NP-receptor complex, and N is the number of monomers needed for a complete vesicle. N is related to the NP diameter d NP by the relationship
where l b is the typical length of the receptor-ligand bond between the NP and the cell
Kinetic scheme of pit assembly. Symbols n, and N refer to the number of monomers in a pit and a vesicle, respectively. The rate constants α n and β n characterize the growth and decay rates of a pit of size n. k 0 is the rate at which the first monomer binds to the NP-receptor complex, and k N is the rate of scission of a vesicle from the membrane.
membrane, and λ is the average area occupied by a monomer. The rate constants α n and β n characterize the growth and decay rates of a pit of size n, k 0 = 1/τ 0 is the rate constant for binding of the first monomer to the NP-receptor complex, and k N is the rate constant for the scission of a vesicle from the membrane. We assume that the forward and backward rate constants are related through detailed balance
is the formation free energy for a pit containing n monomeric units, k B is the Boltzmann constant, and T is the absolute temperature.
We choose the forward rate constants to be of the form
where γ is a kinetic parameter proportional to the product of the free monomers concentration and the bimolecular association rate constant between a free monomer and a pit. The function f (n, N) gives the number of available binding sites on the edge of a pit of size n.
Using that the shape of a pit is a spherical cap, this function can be written as
where ρ is a dimensionless parameter (see Appendix B).
In terms of the kinetic scheme in Fig. 3 , the quantities P w and P f (see Eq. 1) are the probabilities that a random walk, starting from site n = 1, eventually reaches sites n = N and n = 0, respectively, and the times τ w and τ f are the mean durations of the two processes (which formally are conditional mean first-passage times [25, 26] ). Analytical expressions for these quantities are well known [25] P w = Ψ 1
where functions Ψ n and Φ n are given by Ψ n = exp[F (n)]/β n and Φ n = exp[F (n)]/α n .
Free energy of pit formation
The free energy of pit formation can be written as [20, 24] (see details in Appendix C)
The free energy is mainly dominated by the first term, E(N)n, which is proportional to the number of monomers in the pit. It includes the costs of the membrane and protein coat distortions, entropic cost of immobilizing the monomers, and the binding energy gained due to coat formation. The second term is the line tension energy with σ being the edge-energy constant. We use a Helfrich type expression [27] for the membrane and coat distortion energy, and assume that the spontaneous curvature of the cell membrane is zero and that of the coat is finite. In addition, we assume that the binding energy and the entropic cost of immobilizing the monomers are proportional to the number of monomers in the pit. Based on these assumptions we get
where κ m and κ p are the bending rigidities of the cell membrane and the coat, respectively, N p is the natural number of monomers in the coat -which is determined by the intrinsic coat curvature, and ǫ b is the effective monomer binding energy, i.e., the difference between the binding energy and entropic cost.
Parameter values
The values of the parameters used in our calculation are summarized in Table II In vitro, clathrin triskelions assemble into baskets of different sizes. The size distribution of baskets is typically narrow and has a peak close to d p = 90 nm in diameter [29] . Using the average area occupied by a clathrin molecule, λ = 310 nm 2 , and the relation λN p = πd Wrapping Probability by solving the equation E(N) = 0, which leads to
where κ Figure 4 also shows the plot of the wrapping probability, P w (N). In regions where the sum of membrane and coat distortion energies is greater than the binding energy (E(N) > 0), pit assembly is energetically unfavorable, and P w (N) is negligibly small. In contrast, in the region where E(N) < 0, P w (N) rises sharply and then remains high (about 0.8) and approximately constant. Notably, sizes of several viruses which enter through clathrinmediated endocytosis, including dengue virus (40-60 nm), semliki forest virus (50-70 nm), and reovirus (60-80 nm), fall within this range [34] . Table I . probability of monomer dissociation. As a consequence, the wrapping time is determined by the rate of arrival of a new monomer. For NPs larger than d * w , up to approximately 85 nm, the inequality α n /β n ≫ 1 holds true, but the number of monomers needed to wrap a NP increases. As a consequence, the wrapping time increases with NP size. For NPs larger than 85 nm, the dissociation of monomers becomes more frequent, which causes the wrapping time to increase drastically. For NPs smaller than d * w , the free energy E(N) rises sharply, and, therefore, the rate constants α n and β n become comparable. Thus, even though the number of monomers needed to wrap a NP decreases, the wrapping time increases due to frequent dissociation of the monomers. The mean time of failed attempts, τ f , given in Eq. 7, shows a trend very similar to that of τ w , but its values are almost an order of magnitude smaller.
In Fig. 5 we show the mean internalization time, τ , calculated using Eq. 1 with τ 0 = 20 sec.
The mean internalization time includes the mean wrapping time, τ w , and the mean time spent by the NP in failed attempts. In the region where P w is high and almost constant (see Fig. 4 ), we find P w τ w ≫ P f τ f . Equation 1 then simplifies to τ ≈ (τ 0 /P w ) + τ w , and τ is just the mean wrapping time, τ w , shifted by a constant τ 0 /P w . When d NP is close to d min or d max , P w drops sharply and, therefore, τ increases more rapidly than τ w . The mean internalization time has a minimum at d opt , which corresponds to the NP size at which the cellular uptake of the NPs is the fastest. Our analysis predicts d opt ≈ 55 nm, which is close to the optimal NP size observed in different experiments (see Table 1 ). In the case of NPs, the size dependence of internalization times at a single NP level has never been measured, therefore a direct comparison of our results with with experimental data is not possible. However, internalization times of some viruses and virus-like particles entering into cells via clathrin-mediated endocytosis have been measured to be in the range 50-400 sec [21, 32, 35, 36] , which agrees with our analysis.
Finally, we look at sensitivity of our results to variations in coat parameter values. In 
SUMMARY AND DISCUSSION
In this study we investigated how the assembly of the protein coat on the cytoplasmic side of the plasma membrane affects the cellular uptake of NPs. To address this question we have used a previously developed model of clathrin-coated vesicle formation. We have used the mean internalization time of a NP, τ , as the measure of its internalization efficiency, and calculated the dependence of τ on the NP size. We found that the NP size has lower and upper boundaries (d min and d max ) at which the internalization time becomes very large, i.e., beyond these sizes, internalization via clathrin-mediated endocytosis is highly improbable.
We also found that there is an optimal NP size d opt at which the internalization time is a minimum. All these sizes are determined by the parameters of the coat assembly process.
As described earlier, d opt is determined by the dynamics of coat assembly. Since the coat parameters do not change appreciably between different cells and are also independent of the details of the NP design, an explanation for why the same optimal size was observed in different experiments (see Table I ) follows naturally from our analysis. In contrast, this observation is difficult to rationalize using previous models which predict that optimal size depends on the ligand density on the NP, the density of the corresponding receptors on the cell membrane, and the receptor-ligand binding energy [12] [13] [14] , since these parameters can vary significantly depending on the cell line and ligand used in the experiment. [4, 5] , and 200 nm [37] , respectively. As shown in Fig. 6 d opt = 50 nm. However, in this paper our aim is not to match the different sizes precisely, but rather to see the extent to which our previously developed model can explain the size dependence of NP uptake without changing the parameter values. Considering the fact that most of the parameters were determined in a completely different context (by fitting lifetime distribution of abortive CCPs) we think that such a disparity is acceptable. As mentioned earlier, other models that do not take coat assembly into consideration, incorrectly predict that very large (micron size) NPs can be internalized via receptor-mediated endocytosis [12, 13] . Although in our model the density of ligands on a NP, the receptor density on the cell membrane, and the receptor-ligand binding energy do not appear explicitly, these factors do enter our model implicitly. For example, our initial assumption that the dissociation of the NP from the membrane can be neglected would hold true only if either the receptor-ligand binding energy is strong, or the ligand and receptor densities are large enough so that a NP quickly attaches to the cell membrane by multiple receptor-ligand bonds. Multiple bonds lead to an increased lifetime of NPs on the cell membrane [38, 39] . Also, it has been shown that CCP assembly is triggered when there is receptor clustering [40] which, for our model, implies that a few receptor-ligand bonds probably have to form before the first monomer can arrive. Thus, the time τ 0 might be affected by the above mentioned parameters.
Experimentally, the question of how the ligand density on a NP and receptor density on cell membrane affect cellular uptake is not clearly understood. It has been observed that increasing the ligand density increases cellular uptake due to an enhanced residence time of the NP on the cell membrane, and not due to an increase in the internalization rate [38] . This observation is consistent with our hypothesis that the internalization time is determined by the kinetics of coat assembly. The overall picture of NP internalization proposed in our model can be tested experimentally with total internal reflection fluorescence (TIRF) microscopy.
Using dual color TIRF, where both NPs and CCPs are fluorescent, uptake of NPs at a single particle level can be monitored. This will allow simultaneous measurements of τ 0 , τ w , and τ .
To conclude we show that several experimental observations related to size dependent cellular uptake of NPs, including the optimal NP size, can be understood to be consequences of the protein coat assembly process. Therefore, future efforts on modeling endocytosis of NPs and designing NPs for biomedical applications must take the effect of the protein coat assembly explicitly into consideration.
APPENDICIES Appendix A: Mean internalization time τ
Here we derive the expression for the mean internalization time τ given in Eq. 1. This time is defined as the average time between the NP binding to the cell membrane and its internalization, assuming that the binding is irreversible. Consider an ensemble of NPreceptor complexes formed on the cell membrane at time t = 0. The mean internalization time τ can be written as 
The first term in right hand side of this equality is the contribution from the fraction (P w ) of complexes which are internalized on the first attempt, i.e., the complexes which bind to coat protein and get internalized. The second term is the contribution from the fraction (P f P w ) of complexes that are internalized on the second attempt, i.e., they bind to coat proteins, dissociate from them, bind to coat protein for the second time, and then get internalized.
Subsequent terms can be understood in the same way. Upon summing the series, we obtain τ = (τ 0 + P w τ w + P f τ f )/P w .
This expression for the mean internalization time τ can be written in the form given in Eq. 1.
Appendix B: Derivation of f (n) in Eq. 4
Using spherical coordinates (see Fig.7 ) the surface area of the pit can be written as
where R is the radius of a sphere having the same curvature as the pit. This leads to the relation between cos(θ) and the number of monomers, n, in the pit, cos(θ) = 1 − λn 2πR 2 .
From the above equation, we thus infer that the radius, r(n), of the circular growing edge of a pit is r(n) = R sin(θ) = R [1 + cos(θ)][1 − cos(θ)] = λn π 1 − λn 4πR 2 .
Introducing the average linear span of the monomer, denoted by L, we find that the number of available binding sites on the periphery of the pit is
By changing variables from R to N using the relation 4πR 2 = λN, we arrive at
where ρ is a dimensionless parameter given by ρ = 4πλ/L 2 .
Appendix C: Derivation of F (n) in Eq. 8
The formation free energy of a pit made of n monomers and having a curvature c can be written as F (n, c) = 2κ m λnc 2 + 2κ p λn(c − c p ) 2 − ǫ b n + σf (n, c).
The first term is the Helfrich energy [27] describing the energetic cost of bending the cell membrane assuming that its spontaneous curvature is zero. The second term represents the 
